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The aim of this paper is to describe the irreducible ordinary
characters of the normalisers of Sylow tori of a ﬁnite reductive
group G of classical type. We prove that every character χ ∈ Irr(L)
extends as an irreducible character to its inertia group in N ,
where L is the centraliser and N the normaliser of a Sylow torus
in G . Using this result Malle has established in Malle (2007) [8]
a bijection between Irr′ (G) and Irr′ (N), where N is the normaliser
of a suitable Sylow torus in G . This is a ﬁrst step in proving the
inductive McKay condition from Isaacs et al. (2007) [5] for the
classical groups of Lie type. Furthermore the bijection enables us
to prove the McKay conjecture for primes  > 3, different from the
deﬁning characteristic of G .
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The McKay conjecture, formulated by Alperin, asserts the equation |Irr′ (H)| = |Irr′(NH (P ))| for all
ﬁnite groups H and primes , where Irr(G) denotes the set of all ordinary irreducible characters of a
ﬁnite group G , Irr′ (G) = {χ ∈ Irr(G) |   χ(1)} and NH (P ) is the normaliser of a Sylow -subgroup P
of H .
In [5] Isaacs, Malle and Navarro give a new approach to a general proof for all ﬁnite groups. By
Theorem B of [5] the McKay conjecture holds for a prime  and a ﬁnite group H if all simple non-
abelian sections of H , whose order is divisible by  are good for . A precise deﬁnition can be found
in [5, Section 10].
It is already proven that some groups are good: every simple group not of Lie type is good for all
primes, dividing its order according to [9] and some groups of Lie type are good for the prime, who
coincides with their deﬁning characteristic according to [2].
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when the prime number is not equal to the deﬁning characteristic. More precisely we will prove:
Theorem 1.1. Let G be a simply-connected quasi-simple algebraic group deﬁned over the ﬁnite ﬁeld Fq with q
elements via the Frobenius endomorphism F : G→ G. Furthermore let S be a Sylow torus of (G, F ), L := CGF (S)
and N := NGF (S). Then every irreducible character of L extends as character to its inertia group in N, where
the inertia group of a character χ ∈ Irr(L) is the stabiliser in N with respect to conjugation.
The above statement has been proven in [12] in the case where GF is an exceptional group. This
is the second and ﬁnal part of the series of two papers, whose aim is to publish and prove the above
result for the remaining groups, the classical groups. It sums up the basic ﬁndings of the author’s
thesis [11]. By the theorem one obtains a parametrisation of Irr(N): one ﬁxes for every χ ∈ Irr(L) an
extension χ˜ ∈ Irr(IN (χ)) of χ . Every character ψ ∈ Irr(N) corresponds to a pair of characters (χ,μ),
where χ ∈ Irr(L) is a constituent of ψL and μ a character in Irr(IN (χ)/L) with ψ = (χ˜μ)N . Thereby
(χ,μ) is unique up to N-conjugacy.
This statement has been proven in [12, Theorem A] for exceptional root systems of G and in
[13, Theorem 1.1] for the regular case, namely where L is abelian. To complete the proof of Theorem 1.1
we use these statements and restrict ourselves to the case where R is of classical type, but GF is not
the Steinberg’s triality group and L is non-abelian.
The above theorem is relevant for proving that the group G/Z(G) is good in the following way:
using Theorem 1.1 Malle constructed in [8] for all primes  > 3 with  | |G| different from the deﬁning
characteristic a group NG(P ) N < G and a bijection ′ : Irr′ (G) → Irr′ (N). Both are conditions, which
have to be satisﬁed, if G/Z(G) is good for . The desired properties of this bijection with respect to
automorphisms are still open. In the last section we prove the McKay conjecture for the classical
groups and nearly all primes.
Using our calculations and the bijection introduced in [8] we prove the McKay conjecture for the
groups G = GF from Theorem 1.1.
Theorem 1.2. Let G be a simply-connected quasi-simple algebraic group deﬁned over the ﬁnite ﬁeld Fq with q
elements via the Frobenius endomorphism F : G→ G. Let  be a prime with  > 3 and   q. Furthermore let P
be a Sylow -subgroup of G := GF . Then the equation |Irr′ (G)| = |Irr′ (NG(P ))| holds, where Irr′(G) denotes
the set of irreducible complex characters of G, whose degree is not divisible by .
The main idea of the proof of Theorem 1.1 in this paper is the following: we determine subgroups
T1  L and N1  N with T1  N1, such that isomorphic groups occurred in the regular case and by
[13, Theorem 1.1] every character χ ∈ Irr(T1) extends as character to its inertia group in N1. Further-
more we show that these two groups almost control, to which groups the irreducible characters of L
extend. Thereby we also compute the quotient IN (χ)/L for the different groups G , as this is needed
for the proof of Theorem 1.2.
We start by recalling some fundamental constructions of Sylow tori and the associated groups in
Section 2 and present the deﬁnition of T1 and N1 in Lemma 2.1. The succeeding section presents
more details about Sylow d-twists, which are automorphisms of (G, F ) and formulas of Sylow Levi d-
subgroups and Sylow d-normalisers. In Section 4 we recall the main result from [13] around regular
Sylow tori, which we apply to the subgroups T1 and N1, and obtain small results about the irreducible
characters of L and their extensions.
In the next section we prove Theorem 1.1 under the assumption that the root system R of G is
of type Al or Cl . Similar to this we also deal with the case where R is of type Bl . The succeeding
Section 7 concentrates on the remaining case, where one assumes that R is of type Dl . Finally we
state in Remark 7.8 a generalisation of Theorem 1.1, which is implied by the proof of Theorem 1.1. In
the last section we deduce from the results Theorem 1.2.
Within the whole article we use the notation introduced in [13], especially the notion from Sec-
tion 2 of [13] related to generic groups introduced by Malle and Broué in [1].
2496 B. Späth / Journal of Algebra 323 (2010) 2494–25092. Construction and structure of Sylow Levi groups and Sylow normalisers
We recall some basic facts about Sylow twists and constructions associated to them from Section 3
of [12,13]. Afterwards we analyse the structure of the Sylow Levi subgroup and the associated Sylow
normaliser.
We use the notation from Section 2 of [13].
Thereby we construct two algebraic groups G1 and G2 deﬁned over Fq and associate to them
subgroups of L and N . Furthermore one discovers that groups known from the regular case appear
as subgroups of L and N . These subgroups enable us to deal with the characters in the succeeding
sections.
A Sylow d-twist nΓ , see Deﬁnition 3.1 of [13], determines a Sylow d-torus of (G,nF ), where nF
acts via x → F (xn).
Lemma 2.1 (Constructions). (See [12, Lemmas 3.3–3.5].) Assume d to be a positive integer and nΓ a Sylow
d-twist of (G, F ).
(a) Let Y ′ := Y ∩ kerY (Φd(ρ(n)φ)), i.e. Y ′ ⊗ C is the product of the eigenspaces of ρ(n)φ corresponding
to primitive dth roots of unity, and Y ′⊥ := {λ ∈ X | 〈λ,μ〉 = 0 for all μ ∈ Y ′}, where 〈,〉 denotes the
canonical pairing on X × Y . Then S := {t ∈ T | λ(t) = 1 for all λ ∈ Y ′⊥} is a Sylow d-torus of (G,nF ). We
call S the Sylow d-torus associated to nΓ .
(b) The equation L := CG(S) = TGR2 holds with R2 := R ∩ Y ′⊥ and GR2 := 〈Xα | α ∈ R2〉.
(c) The group N := NGnF (S) satisﬁes N = ULnF for every group U  NnF with ρ(U )W2/W2 = WnΓ,R2 and
(U ∩ L) T, where W2 := WR2 and
WnΓ,R2 =
{
w ′ ∈ W ∣∣ w ′(R2) = R2 and (w ′W2)wφ = w ′W2}/W2.
We keep the notion of the above lemma and examine ﬁrst the structure of L.
Lemma 2.2 (Structure of L). Let R1 := R ∩ (R∨2 )⊥ , Y1 := Y ∩ R⊥2 , T1 := {t ∈ T | λ(t) = 1 for all λ ∈ Y ′⊥},
G1,ss := 〈Xα | α ∈ R1〉 and G1 := G1,ssT1 . With G2 := 〈Xα | α ∈ R2〉 and N1 := N ∩ G1 the equations
[N1,G2]  G2 , [N1,L]  L, L = T1G2 and [T1,G2] = 1 hold. The group S is a regular Sylow d-torus of
(G1,ss,nFG1,ss ) and every Sylow d-torus of (G2,nF G2 ) is trivial.
Proof. By deﬁnition of G1 and G2 the Steinberg relations imply Gn
′
2 = G2 for all n′ ∈ N1. This proves[N1,G2] G2. Because of L= TG2 from the above lemma this implies also [N1,L] L.
For the proof of L = T1G2 we recall that the Steinberg relations imply [T1,G2] = 1. Hence Z :=
T1 ∩ G2 is a central subgroup of G2 and is ﬁnite. Because of L = TG2 it suﬃces to show T T1G2 or
equivalently T = T1T2 with T2 := T ∩ G2. The image of the multiplication map T1 × T2 → T is closed
and its kernel Z ﬁnite. As the ranks of T1 and of T2 sum up to the rank of T and the group T1T2 is
closed, we obtain T= T1T2 and L= T1G2.
By deﬁnition of R1 and R2 the equation R1 ∩ Y ′⊥ = ∅ holds and S is a regular Sylow torus of
(G1,nFG1 ). 
By the above lemma L is the central product of T1 and G2. (In the following we use the notion of
central products introduced in [13, 5.5].) The group LnF has a similar structure.
Lemma 2.3 (Structure of LnF ). Let L := LnF , G1 := GnF1 , T1 := TnF1 , Z := T1 ∩ G2 and Z := ZnF = T1 ∩ G2 .
Then L0 = T1.G2 satisﬁes L/L0 ∼= Z .
Proof. By Lemma 2.2 we know [T1,G2] = 1. Furthermore every element x ∈ L can be written as
x = t1g2 for some t1 ∈ T1 and g2 ∈ G2, where t1 and g2 are determined up to multiplication with an
element of Z.
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g2 ∈ G2) we deﬁne an isomorphism between L/L0 and Z/Lang(Z). According to the theorem of Lang
[15, 4.4.17] the map is surjective. As ZnF is the kernel of Lang on Z, the groups Z/Lang(Z) and
Z = ZnF are isomorphic. 
Beside the formula from Lemma 2.1(c) the group N := NGnF (S) also can be described via N1.
Remark 2.4 (Structure of N). Let N := NGnF (S), N1 := NnF1 and W1 := WR1 . Then N1L  N , where
WnΓ,R2  (CW1 (ρ(n)φ)W2)/W2, and N1L = N , if WnΓ,R2 = (CW1 (ρ(n)φ)W2)/W2. (The group WnΓ,R2
is known as the relative Weyl group of S in (G, F ).)
Proof. By deﬁnition of N1 it is clear that N1 normalises S. The second part follows from
Lemma 2.1(c). 
Finally we present a result, which will be relevant for groups of type Al−1 and Cl .
Lemma 2.5. If iα + jβ /∈ R for every α ∈ R1 and β ∈ R2 and integers i, j > 0, then N1  CG(G2).
Proof. The assumption that there exists no non-trivial strictly positive linear combination of α and β ,
which is a root, implies [Xα,Xβ ] = 1 according to the commutator formula. Because of [T1,G2] = 1
from Lemma 2.2 the statement follows. 
3. Some remarks on Sylow twists
In this section we gather results about Sylow twists of (G, F ), where GF is a classical group. These
are easy consequences of the calculations in [14] and are helpful for determining R1 and R2. As in
[13] we use the following morphisms and explicit notation.
Notation 3.1. Let d and l be positive integers, V = Cl and {e1, . . . , el} an orthonormal basis of V .
Assume X ⊂ V and R to be a root system of type Al−1, Bl , Cl or Dl with the roots {ei − ei′ | i = i′},
{±aei,±ei ± ei′ | i = i′} (a ∈ {1,2}) or {±ei ± ei′ | i = i′}, respectively. Furthermore assume F to be a
standard Frobenius endomorphism or induced from a graph automorphism of order 2.
As W acts on {±1, . . . ,±l} there exists a canonical morphism f : 〈W , φ〉 → S±l¯ , where
S±l¯ := S{±1,...,±l} is the symmetric group on {±1, . . . ,±l}. We deduce from f also a morphism
f˜ : 〈W , φ〉 → Sl . Let x ∈ 〈W , φ〉. We call an f˜ (x)-orbit B ⊂ {1, . . . , l} positive, if ∏i∈B i = 1, where
x · ei = ie f˜ (x)(i) , otherwise the orbit is called negative.
The characteristic polynomial of x ∈ 〈W , φ〉 depends on its orbits on {1, . . . , l}. Hence we describe
Sylow d-twist via orbits.
Remark 3.2. Let w0 be the longest element in W and π := f (ρ(n)w0), if R is of type Al−1 and
φ = idY . Otherwise let π := f (ρ(n)φ). Let a+ , a− and d0 be given by Table 1, depending on d and R ,
and using δ(x) = 1 if x is an integer and 0 otherwise. Then the element nΓ is a Sylow d-twist of
(G, F ), if 〈π〉 has a+ positive orbits of length d0 and a− negative orbits of length d0.
Proof. In [14, Sections 5 and 6] the numbers a(d) are computed and the characteristic polynomial of
π or πφ is determined depending on the orbits of π or πφ, respectively. From this you can read off
Table 1.
In the case where Γ = 1 and R is of type Al−1 the deﬁnition of π takes into account that the
characteristic polynomial of f (w)φ, is much easier to describe in terms of f (ww0) than in terms
of f (w). 
Table 1 allows us to describe R1 and R2.
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Integers a+ , a− and d0 from Remark 3.2.
Type of R a+ a− d0 Assumption on d
Al−1  ld  0 d
2Al−1  ld  0 d 4 | d
 2ld  0 d2 d ≡ 2 mod 4
 l2d  0 2d 2  d
Cl  ld  0 d 2  d
or Bl 0  2ld  d2 2 | d
Dl  ld  0 d 2  d
(l 4) 0  2l−2d  + δ( ld ) d2 2 | d
2Dl  ld  0 d 2  d
(l 4) 0  2l−2d  + δ( ld + 12 ) d2 2 | d
Lemma 3.3. Suppose d is not a regular number of (G, F ), more speciﬁcally that a Sylow d-torus of (G, F ) is
not abelian, or that R is not a root system of type Dl . Let nΓ be a Sylow d-twist and π the associated element
in S±l¯ , deﬁned as in Remark 3.2. Let I1 be the union of all a− negative 〈π〉-orbits of length d0 and the a+
positive 〈π〉-orbits of length d0 . For I2 := {1, . . . , l} \ I1 the equations R1 = R ∩ V1 and R2 = R ∩ V2 hold,
where V1 := 〈ei | i ∈ I1〉 and V2 := 〈ei | i ∈ I2〉.
Proof. Let Y ′ be the coroot lattice of the Sylow torus deﬁned by nΓ . Obviously Y ′ satisﬁes
Y ′ ⊆ 〈ei | i ∈ I1〉. This implies R ∩ V2 ⊆ R2 as R2 is deﬁned to be R ∩ Y ′⊥ .
Let R ′1 := R ∩ V1 and G′1,ss := 〈Xα | α ∈ R ′1〉. Then R ′1 is also a root system of similar type but
with rank |I1| = (a+ + a−)d0 or |I1| − 1. By Remark 3.2 the element nΓ induces a Sylow d-twist
on G′1,ss .
Assume that R is of type Bl or Cl . Then d is a regular number of WR ′1φV1 acting on C ⊗ R ′1 by
[14, 5.2]. According to Remark 2.7(a) of [12] there exists no root α ∈ R ′1 orthogonal to Y ′ . In the case
where R is of type Bl or Cl this immediately implies
ei ⊥ Y ′ and ei ± e′i ⊥ Y ′ for all i, i′ ∈ I1 with i = i′.
Taking into account the roots given in Notation 3.1 this implies R2 = R ∩ V2.
Similarly but with more case-by-case arguments R2 = R∩V2 can be proven assuming root systems
of type Al−1 and Dl . This implies R1 = R ∩ V1 according to the description of the roots in R from
Notation 3.1. 
4. Irreducible characters of L and N
In this section we focus on the irreducible characters of the Sylow Levi subgroup and their exten-
sions. We use the terms and notations introduced in Deﬁnition 3.6 of [13], i.e. for example from now
on we say that maximal extensibility holds for LN , if for the ﬁnite groups LN every χ ∈ Irr(L)
extends to its inertia group IN (χ) = {n ∈ N | χn = χ}.
We frequently apply the following lemma, which is a strengthening of Lemma 4.2 from [12].
Lemma 4.1. Let LN , U N be ﬁnite groups with N = UL and let ψ ∈ Irr(L).
(a) If ψ0 := ψL∩U is irreducible and maximally extendible to ψ˜0 ∈ Irr(U), then ψ is also maximally ex-
tendible in N . There exists an extension ψ˜ of ψ to IN (ψ) such that ψ˜IU (ψ) = ψ˜0IU (ψ) .
(b) If N = U .L′ for some L′ L and ψ0 ∈ Irr(U ∩ L | ψ) is maximally extendible to ψ˜0 ∈ Irr(U), then ψ is
also maximally extendible in N . There exists an extension ψ˜ of ψ to IN (ψ) such that Irr(IU (ψ) | ψ˜) =
{ψ˜0IU (ψ)}.
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there exists a projective representation P on IN (χ), which is an extension of D. By [6, 11.7] this
projective representation deﬁnes a cocycle [χ ] of H2(IN (χ)/L,C∗). The restriction of P to IU (χ)
is also a projective representation, whose corresponding cocycle is [χ ] ∈ H2(IU (χ)/(L ∩ U),C∗)
as well. According to the assumption this element is trivial. This implies the statement according
to [6, 11.7].
Under the assumptions of (b), by [6, 4.20] the character ψ can be written as ψ0.ψ ′ , where ψ ′ ∈
Irr(L′ | ψ). Analogously ψ˜0.ψ ′ denotes a character on IN1 (ψ0).L′ , which is a maximal extension of
λ.η in N because of the equation IN (ψ0) = IN1 (ψ0).L′ . 
By Lemma 2.3 the characters in Irr(L) can be described in the following way.
Lemma 4.2. Every character χ0 ∈ Irr(L0) can be written as λ.η, where λ ∈ Irr(T1 | χ0) and η ∈ Irr(G2 | χ0).
For every character χ ∈ Irr(L | χ0) there exists an extension λ˜.η of λ.η to IL(λ.η) such that λ˜.ηL = χ .
Proof. As L0 is a central product every character of Irr(L0) has the given structure by [6, 4.20]. Ac-
cording to [7, Proposition 10] the character χ0 := λ.η extends to its inertia group in L as irreducible
character. As L/L0 is abelian, every character in Irr(IL(χ0) | χ0) is an extension of λ.η. In this situation
the Clifford correspondence gives a bijection between Irr(IL(χ0) | χ0) and Irr(L | χ0) with ψ → ψ L .
This proves the statement. 
We are ready to construct an extension of χ0.
Lemma 4.3. Let Nc = CN1 (G2), χ ∈ Irr(L), χ0 ∈ Irr(L0 | χ), Lχ := IL(χ0) and χ˜0 ∈ Irr(Lχ ) with χ˜ L0 = χ .
There exists a maximal extension of χ˜0 on INc (χ˜0)Lχ , which is invariant in IN1 (χ˜0).
Proof. We continue to use the notion of Lemma 4.2. The character χ˜0 coincides with λ˜.η. The groups
L0 and NcL0 are central products, more speciﬁcally L0 = T1.G2 and NcL0 = Nc .G2.
According to Lemma 2.2 the torus S is a regular Sylow d-torus of (G1,ss, FG1,ss ) with G1,ss :=〈Xα | α ∈ R1〉. By Theorem 1.1 of [13] maximal extensibility holds with respect to T1,ss  N1,ss , where
T1,ss := T1∩G1,ss and N1,ss := N1∩G1,ss and λ0 ∈ Irr(T1,ss | χ0) extends maximally in N1,ss . Because of
Lemma 4.1(a) the character λ ∈ Irr(T1 | χ0) has a maximal extension λ˜ in N1 and by Lemma 4.1(b) the
character χ0 extends maximally in NcL0. For λ˜′ := λ˜INc (χ˜0) the maximal extension λ˜′.η is invariant
in IN1 (λ).
Now we may apply again Lemma 4.1(a): the character χ˜0 restricts to an irreducible character
on L0. With N = NcLχ , L = Lχ , U = Nc .G2 and U ∩ L = L0 the character can be extended maximally
in NcLχ to a character ψ .
Now it remains to prove that the extension ψ can be chosen to be invariant in IN1 (χ˜0): by
D˜(nl) = λ˜(n)D(l) (n ∈ INc (χ˜0), l ∈ Lχ ) we obtain a representation D with character ψ , where D is
a representation to χ˜0. Straightforward calculations show that ψ is invariant in IN1 (χ0), as λ˜ has this
property. 
With these extensions of χ˜0 we construct maximal extensions of χ via the following lemma,
which also holds in a more general situation, but we restrict ourselves to the version needed for our
purposes.
Lemma 4.4.
(a) Let ψ be an extension of χ˜0 to some U with Lχ  U  N. The induced character ψU L is an extension of χ .
(b) Furthermore IN (χ) = INN (Lχ )(χ˜0)L.
(c) There exists an extension of χ to INc (χ)L, which is invariant in IN1 (χ˜0).
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As χ˜ L0 = χ holds by deﬁnition of χ˜0, the groups fulﬁll INN (Lχ )(χ˜0)L  IN (χ). Let x ∈ IN (χ). Then
x stabilises Irr(L0 | χ) and χ xl0 = χ0 for some l ∈ L, as the characters in Irr(L0 | χ) form an L-orbit.
The element xl also stabilises Lχ and χ˜0, as L/L0 is abelian by Lemma 2.3 and the equations (χ˜ xl0 )
L =
χ x = χ and χ˜ xl0 L0 = χ xl0 = χ0 hold. This implies x ∈ INN (Lχ )(χ˜0)L.
Let ψ be an extension of χ˜0 to I := INc (χ˜0)Lχ , which exists according to Lemma 4.3. By the
statement in (a) the character ψ I L is an extension of χ to I L = INc (χ˜0)L = INc L(χ), where the equation
INc (χ˜0)L = INc L(χ) is a consequence of part (b). 
5. Groups of type Al−1 or Cl
In this section we prove Theorem 1.1 under the assumption that G has a root system of type Al−1
or Cl . Under this assumption the results about the root system R1 and R2 from Section 3 imply that
the extensions constructed in Lemma 4.4(c) are maximal.
Proposition 5.1. Suppose R is a root system of type Al−1 (l 2) or of type Cl (l 2). The Sylow d-normaliser
N associated to a Sylow d-twist nΓ satisﬁes N = N1L and maximal extensibility holds with respect to L  N.
Proof. If R is a root system of type Al−1,
f (W ) = {π ∈ S±l¯ ∣∣ π(i) = −π(−i) > 0 for all 1 i  l},
and f (W ) = {π ∈ S±l¯ | π(−i) = −π(i) for all 1 i  l}, if R is of type Cl . Because of R1 = R ∩V1 and
R2 = R∩V2 from Lemma 3.3 the stabiliser of R2 in W is W1×W2, where W1 = WR1 and W2 = WR2 .
Analogously we obtain
WnΓ,R2 :=
{
w ′ ∈ W ∣∣ w ′(R2) = R2 and (wφW2)w ′ = wφW2}= CW1(wφ) × W2,
where w := ρ(n) and the group WnΓ,R2 is the relative Weyl group from Lemma 2.4. By Lemma 2.4
this implies N = N1L.
Now we prove Nc := CN1 (G2): we observe iα + jβ /∈ R for all α ∈ R1, β ∈ R1 and integers i, j.
Thereby one uses the explicit description of roots in Notation 3.1. Hence by Lemma 2.5 the equation
Nc = N1 holds.
According to Lemma 4.4(c) the character χ is extendible to INc (χ)L. This group coincides with
IN (χ) since straightforward calculations using Lemma 4.4(b), N = N1L and N1 = Nc imply
IN(χ) = INN (Lχ )(χ˜0)L = INc L(χ˜0)L = INc (χ)L.
This shows that χ is maximally extendible in N . 
For the proof of Theorem 1.2 we need that the McKay conjecture holds for the relative inertia
groups of χ ∈ Irr(L) in N .
Lemma 5.2. Assume G and F be given as in Theorem 1.1 such that R is a root system of type Cl . Let L be a
Sylow Levi d-subgroup of G for some positive integer d, N the associated Sylow d-normaliser and χ ∈ Irr(L).
The McKay conjecture is true for IN (χ)/L and every prime.
Proof. Let χ0, χ˜0 and Lχ be deﬁned as in Lemma 4.2. From the proof of Proposition 5.1 we know
N = N1L and IN (χ) = IN1 (χ˜0)L. This implies IN (χ)/L ∼= IN1Lχ (χ˜0)/Lχ .
For our further considerations we prove Z = 1 and L = L0. We assume that the roots of R are
as in Notation 3.1. They satisfy (ZR2)⊥ ∩ Y = ZR1 because of Lemma 3.3. Hence the group G1 from
Lemma 2.2 is simply-connected because of the equation Y1 = Y ∩ (ZR2)⊥ for the cocharacter lattice
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The elements of T1 are of the form
∏
i∈I1 h2ei (ti) for some ti ∈ F∗q . Let α1 := 2e1, αi := ei − ei−1 for
all 2 i  l such that {α1, . . . ,αl} is a system of simple roots of R . Using [4, Theorem 1.12.1 (e)] the
element z can be transformed to
z =
∏
i∈I2
h2ei (−1) =
∏
i∈I2
(
i∏
j=1
hα j (−1)
)
.
Analogously every element of T1 can be written as
∏
i∈I1
h2ei (ti) =
∏
i∈I1
(
i∏
j=1
hα j (ti)
)
for some ti ∈ Fq.
As every element of T can be uniquely written as
∏l
j=1 hα j (t j) for some t j ∈ F∗q the above implies
z /∈ T1 and Z = T1 ∩ Z(G2) = {1G}. By Lemma 2.3 this proves L = L0.
Let λ ∈ Irr(T1 | χ) and η ∈ Irr(G2 | χ) as in Lemma 4.2. Then
IN(χ)/L ∼= IN1Lχ (χ˜0)/Lχ ∼= IN1L0(λ.η)/L0 ∼= IN1(λ)/T1.
As G1 is a simply-connected group, T1 a Sylow d-Levi subgroup of (G1, FG1 ) and N1 the associated
Sylow d-normaliser, we can apply Theorem 1.1 of [13] and obtain that the McKay conjecture holds for
the relative inertia groups IN1 (λ)/T1 ∼= IN (χ)/L. 
In order to prove the analogous result in the case, where R is a root system of type Al−1, we
additionally need the following result from [13].
Proposition 5.3. Let R
′
be a root system of type Cl′ and assume the groups G, T and Xα be associated to R
as in Section 2 of [12]. Assume R1 to be a parabolic root subsystem of R and of type Al−1 , such that G1 =
〈Xα | α ∈ R〉. Let F : G → G be a Frobenius endomorphism with F G1 = F . (We can choose F to be a
standard Frobenius endomorphism, if F is one, otherwise such an endomorphism F can be obtained using
[13, Lemma 9.2].) Assume d to be an integer such that d0 from Table 1 satisﬁes d0 | l′ and nΓ a Sylow d-twist
of (G, F ). Let T̂ := TnF , N̂ := (NT)nF , δ ∈ Irr(N̂) with δ(NnF ) = 1 and T̂δ = ker(δ)∩ T̂ and N̂δ = ker(δ). Every
character λ ∈ Irr(T̂δ) extends maximally in N̂δ and the McKay conjecture holds for the relative inertia group of
λ in N̂δ .
Proof. We may replace the Sylow d-twist nΓ by the ones given in [13, Lemma 7.2 or 8.3]. Then
the groups N̂ and T̂ are exactly deﬁned as in [13, Lemma 7.3 or 8.4], more speciﬁcally us-
ing [13, Assumption 7.1 or 8.1] the formulas of [13, Lemma 5.4] deﬁne the groups N̂ and T̂ from
[13, Lemma 7.3 or 8.4], which satisfy Assumption 4.1(a) and Hypotheses I–III of [13] for some suit-
able elements {pr}.
Hence we can apply Proposition 4.11 of [13] in this situation, if δ satisﬁes [13, Assumption 4.1(b)],
which claims a property of the kernel. The linear character δ0 ∈ Irr(N̂) with ker(δ0) = NnF satisﬁes this
condition. By assumption δ fulﬁlls ker(δ) NnF . Hence δ is a power of δ0 and both characters satisfy
[13, Assumption 4.1(b)]. The application of [13, Proposition 4.11] gives that maximal extensibility
holds and [13, Remark 4.12] describes the relative inertia group of λ. Now the proof of Lemma 12.3
of [13] can be transferred to all relative inertia groups described in [13, Remark 4.12]. Hence, using
Lemma 12.4 of [13], the McKay conjecture holds for the relative inertia group of λ in N̂δ . 
This proposition implies the desired property of the relative inertia group of χ in N .
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be a Sylow Levi d-subgroup of (G, F ) for some positive integer d, N the associated Sylow d-normaliser and
χ ∈ Irr(L). Then the McKay conjecture holds for the group IN(χ)/L and every prime.
Proof. Let χ0, χ˜0 and Lχ be deﬁned as above. From the proof of the above proposition we know
N = N1L and IN (χ) = IN1 (χ˜0)L. This implies IN (χ)/L ∼= IN1Lχ (χ˜0)/Lχ .
We construct groups T ′1 and N ′1 such that we can apply the above proposition and that
IN1Lχ (χ˜0)/Lχ is isomorphic to a relative inertia group in this situation. By Remark 2.3 of [12] we
may assume that G lies in a simply-connected group G, whose root system R is of type Cl and given
as in 3.1, such that R is a parabolic root subsystem. Assume T and Xα be deﬁned with R as in
Section 2 of [12]. Let R1 := R ∩ V1, R2 := R ∩ V2 with the vector spaces V1 and V2 from Lemma 3.3,
T1 := TR1 := 〈hα(t) | α ∈ R1, t ∈ Fq〉 and T2 := TR2 . We denote by TR ′ the group 〈hα(t) | α ∈ R1, t ∈ Fq〉
for every R
′ ⊆ R . With similar calculations as in the proof of Lemma 5.2 the Steinberg relations show
T= T1 × T2.
Let F : G→ G be deﬁned as in Proposition 5.3 with F G = F . Because of L  T1×T2G2 we have L =
T 1×G2 with T 1 := TnF1 and G2 := (T2G2)nF . For N1 := T 1N1 there exists a linear character δ1 ∈ Irr(N1)
with ker(δ1) = N1 by [13, Lemmas 7.4, 8.5]. Analogously there exists a linear character δ2 ∈ G2 with
kernel GnF2 , as G2 is normal in T2G2 and the associated quotient is isomorphic to F

q . The character
δ := δ1 × δ2 has the following properties: an element tg (t ∈ T 1, g ∈ G2) with δ(tg) = 1 lies in L, an
element tg with δ(t) = δ(g) = 1 lies in L0.
As the group Lχ satisﬁes L0  Lχ  L and the quotient L/L0 is cyclic there exists an integer j such
that
Lχ =
{
tg ∈ T 1 × G2
∣∣ δ j1(t) = δ(tg) = 1}.
Hence the image of the projection of Lχ on T 1 is T ′1 := ker(δ jT 1 ) and on G2 is G ′2 := ker(δ jG2 ). The
character χ˜0 can be extended to λ′.η′ ∈ Irr(T ′1 × G ′2). Easy calculations using the Steinberg relations
show the equation [N1,G ′2] = 1 and the isomorphism IN (χ˜0)/Lχ ∼= IN1T ′1 (λ′)/T ′1.
But the groups T ′1 and N1T ′1 are deﬁned as in Proposition 5.3. This implies the statement. 
6. Groups of type Bl
In this section we deal with the case where R is of type Bl . The proof of Theorem 1.1 in this
situation is similar to the one in the previous section, but the structure of occurring inertia groups
is more diﬃcult. Thereby we need maximal extensibility with respect to groups which haven’t been
dealt with in Theorem 1.1 of [13].
Lemma 6.1. If R is a root system of type Bl , then N = N1L.
Proof. The proof of N = N1L for Proposition 5.1 depends only on the structure of W and the relative
Weyl group. Hence the proof also shows N = N1L, if R is of type Bl . 
We ﬁrst analyse the action of N1 on G2 in order to obtain Nc .
Lemma 6.2.
(a) Assume q to be odd and let t ∈ (T∩ L)\ L0 . The subgroup Nc = CN1(G2) has index 2 in N1 and conjugating
with n′ ∈ N \ Nc induces an inner automorphism on G2 , if the rank of R2 is even or 4 | (q − 1), otherwise
n′t induces an inner automorphism of G2 .
(b) If q is even, then Nc = N1 .
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[11, 10.2.5, 10.2.6]. 
For the proof of Theorem 1.1 we need a statement about maximal extensibility, which cannot be
deduced from Theorem 1.1 of [13], but can be proven by applying results from [13].
Proposition 6.3. Assume R to be a root system of type Bl . Let Z be the centre of G. Assume d | 2l and
nΓ a Sylow d-twist of (G, F ). Let Lang : G → G with x → x−1F (xn), T̂ := Lang−1(Z) ∩ T and N̂ :=
Lang−1(Z) ∩ N. Let ν ∈ Irr(Z) be a faithful character, μ ∈ Irr(N̂) with ker(μ) = {x ∈ N | ρ(x) ∈ WRD },
where RD is the root subsystem of long roots in R, and δ ∈ Irr(N̂) with δ(x) = ν(Lang(x))μ(x).
With T̂δ = ker(δ)∩ T̂ and N̂δ = ker(δ) every character λ ∈ Irr(T̂δ) extends maximally in N̂δ and theMcKay
conjecture holds for the relative inertia group of λ in N̂δ .
Proof. In the beginning we can proceed as in the proof of Proposition 5.3: we replace the Sylow d-
twist nΓ by the one given in [13, Lemma 9.2]. Then the groups N̂ and T̂ are exactly deﬁned as in
[13, Lemma 9.3]. Hence they satisfy Assumption 4.1(a) and Hypotheses I–III of [13] for some suitable
elements {pr}.
For the application of [13, Proposition 4.11] we have to check that the character δ satisﬁes
Assumption 4.1(b) of [13]. This can be done as in the proof of [13, Lemma 9.5], using Lang’s the-
orem.
Then [13, Proposition 4.11] implies the statement about maximal extensibility. As above Re-
mark 4.12 of [13] describes the relative inertia groups and by the proof of [13, Lemmas 12.3 and
12.4] the McKay conjecture holds for them. 
In our situation the above proposition implies the following statement.
Lemma 6.4. Let λ ∈ Irr(T1), n′ ∈ N1 \ Nc and t ∈ T1 ∩ (L \ L0). Then λ extends maximally in N˜1 := 〈Nc,n′t〉
and the McKay conjecture holds for ρ(IN˜1 (λ)).
Proof. The group IN˜1 (λ) coincides with INc (λ) or 〈INc (λ), tnλ〉 for some nλ ∈ IN1 (λ) \ INc (λ). In the
case of IN˜1 (λ) = 〈INc (λ), tnλ〉 the group INc (λ) is a normal subgroup and the quotient IN˜1 (λ)/INc (λ) is
cyclic. The element t is a product of toral elements t1 ∈ T1 and t2 ∈ T ∩ G2. The action induced from
t on INc (λ) coincides with the one induced from t1. The group 〈t1nλ,Nc〉 is a normal subgroup of
N̂1 := 〈N1, t1〉, and the quotient N̂1/〈t1nλ,Nc〉 is cyclic. Hence there exists a linear character
δ ∈ Irr(N̂1) such that N̂1,δ := 〈t1nλ,Nc〉 is the kernel of δ and T1 coincides with T∩ ker(δ). This char-
acter δ coincides with the one of Proposition 6.3. This implies the statement, as t2 acts trivially
on N̂1.
The group ρ(IN˜1 (λ)) coincides with the relative inertia group of λ in N̂1. By Proposition 6.3 the
McKay conjecture is true for this group. 
The above lemma enables us to prove Theorem 1.1 in this situation.
Proposition 6.5. Let R be a root system of type Bl and χ ∈ Irr(L). Then χ is maximally extendible in N.
Proof. Let χ0, χ˜0 and Lχ be deﬁned as in Lemma 4.3. By Lemma 4.4(b) we know IN (χ) = IN (χ˜0)L,
as calculations with the Steinberg presentation show NN (Lχ ) = N .
The group IN (χ˜0) satisﬁes IN (χ˜0) = IN1 (χ˜0)Lχ or IN (χ˜0) = 〈INc (χ˜0)Lχ ,nχ t〉 for some nχ ∈
IN1 (χ) \ Nc , where t is deﬁned as in Lemma 6.2. Assume IN (χ˜0) = IN1 (χ˜0)Lχ . Then there exists an el-
ement nχ ∈ IN1 (χ) with χ˜nχ0 = χ˜0. The constituents of χL0 , on which nχ acts, are χ0 and χ t0, hence
χ˜
nχ
0 = χ˜ t0. This shows IN(χ˜0) = 〈INc (χ˜0)Lχ ,nχ t〉 and t /∈ IN(χ˜0).
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a character ψ on INc (χ˜0)L, which is invariant in IN1 (χ˜0). As the quotient N1/Nc is cyclic, ψ can be
extended to IN1 (χ˜0)L = IN (χ).
It remains to consider the case where IN (χ˜0) = 〈INc (χ˜0)Lχ ,nχ t〉. According to the above consid-
erations this implies Lχ = L0. Let χ ∈ Irr(T1) and η ∈ Irr(G2) such that χ0 = λ.η. By Lemma 6.4 the
character λ extends to a character λ˜ on INc (λ), which is invariant under the action of IN˜1 (λ). Hence
the character λ˜.η has an extension ψ to IN(χ0), as nt induces an inner automorphism on G2 and
hence acts trivially on η by Lemma 6.2. Using Mackey’s theorem, as in the proof of Lemma 4.4(c)
shows that ψ IN (χ) is an extension of χ to IN˜1 (λ)L = IN (χ). 
As in Lemma 5.2 we prove that the McKay conjecture holds for IN (χ)/L (χ ∈ Irr(L)).
Lemma 6.6. For every χ ∈ Irr(L) the McKay conjecture holds for the relative inertia group IN (χ)/L and every
prime.
Proof. Let χ ∈ Irr(L). In the proof of Proposition 6.5 we have seen that the quotient IN (χ)/L is iso-
morphic to IN (χ˜0)/Lχ , where χ˜0 and Lχ are deﬁned as in Lemma 4.2.
We compute Z from Lemma 2.3. By Table 1.12.6 of [4] the centre of G2 is cyclic of order (2,q−1),
if R2 is non-trivial. Hence there are two possibilities for Lχ .
In the case where Lχ = L let Zχ = Z. We use the map Lang : Lv F → Z with tg → F (tn)t−1 from
the proof of Lemma 2.3. Let T ′1 := {t ∈ T1 | Lang(t) ∈ Zχ } and N ′1 := {n ∈ N1 | Lang(n) ∈ Zχ }. Every
extension λ′.η′ (λ′ ∈ Irr(T ′1), η′ ∈ Irr(G ′2)) of χ˜0 to T ′1.G ′2 satisﬁes IN1 (χ˜0) = IN1 (λ′.η′) = IN1 (λ′), as η′
is invariant in IN1 (χ˜0) according to calculations using the Steinberg relations.
Because of [13, 2.6(b)], 3.2 and Lemma 3.3 we may replace the Sylow d-twist n by a Sylow d-twist,
such that I1 = {1, . . . , l′} for some l′  l, where I1 is from Lemma 3.3. Then the groups N̂ and T̂ from
Proposition 6.3 are canonically isomorphic to T ′1 and N ′1. The relative inertia group of χ is isomorphic
to the one of λ′ in N ′1 and for this group the McKay conjecture holds by Proposition 6.3.
If Lχ = L the equation Lχ = L0 holds because of |Z| = (2,q − 1) by [4, Table 1.12.6], if R2 = ∅.
By Lemma 4.2 the character χ0 coincides with λ.η for some λ ∈ Irr(T1) and η ∈ Irr(G2). Because of
Lχ = L the character η is not invariant under the diagonal automorphism. Let n ∈ IN1 (λ). Then n or nt
with t from Lemma 6.2 induces on G2 an inner automorphism. Hence either n ∈ IN(χ0) or nt ∈ IN (χ0)
is true. In both cases the group IN (χ)/L is isomorphic to IN1 (λ)/T1. As G1 is simply-connected, T1 is
a Sylow d-Levi subgroup of (G1,nFG1 ) and N1 the associated Sylow d-normaliser, the group IN (χ)/L
occurs as relative inertia group in Proposition 6.3. Hence the McKay conjecture holds for IN (χ)/L. 
7. Groups of type Dl
In this section we consider the case where the group G has a root system of type Dl . In contrast
to the previous situations the Sylow d-normaliser N is bigger than N1L.
We assume G⊂ G, where G is a simply-connected group with a root system of type Bl . Comparing
different subgroups of G and G we transfer the statement about maximal extensibility.
After ﬁxing the notation for the groups and endomorphisms we determine the Sylow d-normaliser.
Then we analyse the structure of the group N . We prove that maximal extensibility holds with respect
to some subgroups of N . This enables us to prove the desired maximal extensibility.
Assumption 7.1. Assume that R is a root system of type Bl . Let G, Xα (α ∈ R), N, T, W and ρ : N→ W
be associated to R as in Section 2 of [12] and f : W → S±l¯ be deﬁned as f in Notation 3.1.
Suppose R , the root system of G, is the root subsystem of all long roots in R ′ , and the equation
G= 〈Xα | α ∈ R〉 holds. We may assume all this without loss of generality because of [12, Remark 2.3],
as the cocharacter lattices Y = ZR and the cocharacter lattice ZR of G coincide. As in Sections 11
and 12 of [13] this implies automatically N> N, T= T, W W , ρN = ρ and f W = f .
Let F : G→ G be a standard Frobenius endomorphism or a Frobenius endomorphism induced from
a graph automorphism of order 2. Assume Γ : G → G be deﬁned as an automorphism of ﬁnite order
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According to Lemma 12.2 from [13] a Frobenius endomorphism F : G→ G satisfying F G = F exists.
As already mentioned the equation N = N1L does not hold in general. Hence we determine the
group N by using elements from G and elements from the Weyl group W of G. For this purpose we
introduce some more notation for dealing with G.
Notation 7.2. Let d be an integer such that the Sylow d-torus of (G, F ) is not regular. Let nΓ be a
Sylow d-twist of (G, F ) and S the Sylow d-torus of (G,nF ) associated to nΓ . Let the vector spaces V1
and V2 be deﬁned as in Lemma 3.3. With Ri := R ∩ Vi (i = 1,2) let G1 := 〈Xα | α ∈ R1〉.
By deﬁnition of V1 the torus S is a regular Sylow d-torus of (G1, FG1 ) with G1 := 〈Xα | α ∈ R1〉, as
the automorphism nΓ G1 is a Sylow d-twist by Remark 3.2.
We determine the Sylow d-normaliser N of (G, F ) associated to nΓ .
Lemma 7.3. Let w := ρ(n) and W i be the reﬂection group generated by the reﬂections along roots of Ri .
Assume R2 = ∅. Let N be the Sylow d-normaliser associated to nΓ and L the Sylow d-Levi subgroup associated
to nΓ .
(a) The subgroup CW1(wφ)W2/W2 has index 2 in the group WnΓ,R2 from Lemma 2.1(c).
(b) Let w ′1 ∈ CW 1 (wφ) \ W1 , w ′2 ∈ CW 2 (wφ) \ W2 , w ′ := w ′1w ′2 and n′ ∈ ρ−1(w ′) ∩ NnF . Then 〈n′,N1L〉
is the Sylow d-normaliser CGnF S.
Proof. Let f : W → S±l¯ be the injection from 3.1. Then
f (W ) = {σ ∈ S±l¯ ∣∣−σ(i) = σ(−i) for 1 i  l}.
In contrast to this f (W ) is the subgroup of f (W ), consisting of all elements π ∈ f (W ) with
2 | |{1 i  l | π(i) < 0}|.
By Remark 2.7(b) of [13] we may restrict ourselves to prove the statement for a particular Sylow d-
twists nΓ . We assume that f (wφ) has the maximal number of positive orbits on I2 from Lemma 3.3.
By Remark 3.2 the element π := f (w)φ has a+ positive orbits of length d0 and a− negative orbits
of length d0. The set I1 is the union of these orbits of length d0. The set I2 := {1, . . . , l} \ I1 is also
a union of orbits. According to the description of f (W ) one may replace n ∈ N such that I2 is the
union of f (ρ(n))-orbits of length 1, from which at most one is negative.
Let π1 ∈ S±l¯′ and w1 = f −1(π1) ∈ W . Then WnΓ,R2 = CW (w1)W2/W2. By the above description
of f (W ) and f (W ) and the deﬁnition of I1 and I2 the group CW1 (w1) × W2 is a subgroup of
CW (w1). Using Table 1 we obtain that CW1 (wφ) is a subgroup of index 2 in CW 1 (wφ
′). Hence the
index of CW1 (w1) × W2 in CW (w1)W2 is 2, if R2 = ∅. This implies (a).
The element w ′ deﬁned in (b) satisﬁes CW (w1) = 〈CW1×W2 (w1),w ′〉. The group N̂1 := 〈N1,n′〉
satisﬁes the condition of Lemma 2.1(c) and we obtain N = N̂1L. 
As in the previous section it is necessary to analyse the action of N̂1 on G2.
Lemma 7.4 (The inner structure of N). Let N2 := NR2 , n′1 ∈ NnF1 \ N1 and n′2 ∈ NnF2 \ G2 , such that n′ =
n′1n′2 . Then n′1 and n′ induce the same automorphism on N1 . Furthermore the equations [N1,G2] = 1 and
[N1,G2] = 1 hold with G2 := 〈Xα | α ∈ R2〉.
Proof. The root systems R1 and R2 satisfy the assumptions of Lemma 2.5, i.e. that no non-trivial
integral linear combination of one root of R1 and one of R2 is a root of R . Applying the proof of
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N1 because of n′1(n′)−1 = n′2 ∈ G2. 
Like in the previous section we will prove Theorem 1.1 by observing that all characters of Irr(T1)
extend maximally in N1 and in a similar group. Later we transfer this to LN . We ﬁrst state maximal
extensibility for some subgroups.
Lemma 7.5. Let N̂1 := 〈N1,n′〉, t ∈ (L ∩ T) \ L0 and N˜1 := 〈N1,n′t〉. Maximal extensibility holds with respect
to T1  N̂1 and T1  N˜1 . The McKay conjecture is true for ρ(IN˜1 (λ)) (λ ∈ Irr(T1)).
Proof. We have already mentioned that T1 is the Sylow d-Levi subgroup of (G1, FG1 ) associated to S.
By Remark 2.3 of [13] the group G′1 is a simply connected quasi-simple group. By Theorem 1.1 of [13]
maximal extensibility holds with respect to T1  NGnF1 (S) and the occurring relative inertia groups
satisfy the McKay conjecture. The group N1 and the element n′1 generate NGnF1
(S). Hence maximal
extensibility holds with respect to T1  〈N1,n′1〉. Thereby N1 is a normal subgroup of 〈N1,n′1〉 and
every character λ ∈ Irr(T1) has an extension λ˜ to IN1 (λ) which is invariant under the action of n′1,λ ∈
I〈N1,n′1〉(λ) \ N1, if such an element exists. Because of Lemma 7.4 the character λ˜ is invariant under the
action of n′1,λn′2. Hence maximal extensibility holds for T1  N̂1.
For the result in the case of T1  N˜1 we use that by Lemma 6.4 maximal extensibility holds with
respect to T1 〈N1,n′1t〉. As n′1t induces the same automorphism on N1 as n′t , the result follows. The
lemma also implies that the McKay conjecture holds for ρ(IN˜1 (λ)) (λ ∈ Irr(T1)). 
The inertia subgroups occurring for characters χ0 ∈ Irr(L0) can be of two different types. These
types correspond to the two groups in the focus of the statement above.
Lemma 7.6. Let χ ∈ Irr(L), χ0 ∈ Irr(L0 | χ) and χ˜0 a maximal extension of χ0 to Lχ := IL(χ0) with χ := χ˜ L0 .
The group IN (χ˜0) coincides with IN̂1 (χ˜0)Lχ or IN˜1 (χ˜0)Lχ .
Proof. The group IN (χ) satisﬁes IN (χ) = IN̂1 (χ)L. Every element x ∈ IN̂1 (χ) acts on Irr(Lχ | χ), which
forms an L-orbit according to Clifford theory. Hence χ˜ x0 = χ˜ t
′
0 for some t
′ ∈ L ∩ T. If t′ ∈ Lχ we obtain
IN (χ˜0) = IN̂1 (χ0)Lχ .
For the remaining part we determine Z = T1 ∩ G2 ∼= L/L0. Calculations with the centre given
in [4, Table 1.12.6] show |G2 ∩ T1| = (2,q − 1), if R2 = ∅. Hence t′ /∈ Lχ implies χ˜ xt0 = χ˜0 for
t ∈ (L ∩ T) \ L0. This shows IN (χ˜0) = IN˜1 (χ˜0)Lχ . 
Now we are poised to prove Theorem 1.1 in the current situation.
Proposition 7.7. If G has a root system of type Dl and GF is not the Steinberg’s triality group. Then Theorem 1.1
holds and the McKay conjecture holds for the occurring relative inertia groups.
Proof. Let χ ∈ Irr(L), χ0 ∈ Irr(L0 | χ), Lχ := IL(χ0) and χ˜0 an extension of χ0 to Lχ such that
χ˜ L0 = χ . By Lemma 7.6 the inertia subgroup of χ˜0 satisﬁes one of the following equations: IN (χ˜0) =
IN̂1 (χ˜0)Lχ or IN (χ˜0) = IN˜1 (χ˜0)Lχ . Because of L0 = T1.G2 the character χ0 can be written as λ.η for
λ ∈ Irr(T1 | χ0) and η ∈ Irr(G2 | χ0) by [6, 4.20].
For both types of inertia groups Lemma 7.5 implies that there exists an extension λ˜ of λ to
IN1 (χ˜0) which is invariant in IN (χ˜0). As in Lemma 4.1(b) the character λ˜.η is an extension of λ.η
to IN1 (χ˜0)G2.
In the case where Lχ = L0 the induced character ψ = (˜λ.η)IN1 (χ0)L is invariant in IN (χ˜0) by def-
inition and is an extension of χ by Lemma 4.1(a). By this procedure we have obtained a maximal
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by [6, 11.22].
The relative inertia group of χ in N coincides with the one of λ in N̂1, N1 or N˜1, where N̂1 and
N˜1 are deﬁned as in Lemma 7.5. The McKay conjecture holds for ρ(IN̂1 (λ)) and ρ(IN˜1 (λ)). Either the
relative inertia group of χ coincides with one of λ.η in N̂1G2 or N˜1G2 or one can identify the relative
inertia group of χ in N1 with a subgroup of the relative inertia group of λ in N1. More speciﬁcally in
this case the relative inertia group ρ(IN1 (λ)) coincides with ρ(IN̂1 (λ)) ∩ W1. These groups satisfy the
McKay conjecture according to Lemma 12.3 of [13].
If Lχ = L, Lemma 4.1(a) implies that an extension ψ of χ˜0 to IN1 (χ˜0)Lχ with ψIN1 (χ˜0) = λ˜ exists.
For n′ ∈ IN̂1 (χ˜0) \ N1 calculations of the character values show ψn
′ = ψ . Thereby one uses λ˜n′ = λ˜,
N1  N̂1 and N1  N˜1. Like above this implies that ψ can be extended to IN (χ).
We compute the relative inertia groups of χ in this case. The group Z has order (2,q − 1) and χ
can be extended to a character λ′.η′ on T ′1.G ′2, where T ′1 := Lang−1(Z)∩T1 and G ′2 := Lang−1(Z)∩G2.
The relative inertia group of λ′.η′ is either isomorphic to the one of λ′ in NnF1 T ′1 or is isomorphic
to IN1 (λ
′). In both cases similar arguments as in Lemma 6.6 prove that the McKay conjecture holds
for the relative inertia group by Lemma 12.3 of [13]. 
By the classiﬁcation of all simply connected quasi-simple groups the above proposition completes
the proof of Theorem 1.1. In [12] Theorem 1.1 has already been proven under the assumption that the
root system R of G is of exceptional type or GF is the Steinberg’s triality group.
One might ask, if Theorem 1.1 holds for a bigger family of tori, for example Φd-tori in general.
With respect to this question one can review the above proofs and observes that the proofs actually
show the following generalisation.
Remark 7.8. Let G be a group of type Al−1, Bl , Cl or Dl and F : G → G a Frobenius endomorphism,
which is not induced from a graph automorphism of order 3. Assume the root system R of G to
be as in Notation 3.1. Let n ∈ N, S an nF -stable Φd-torus of (G,nF ), R2 the root system of CG(S)
and R1 := R ∩ R∨2 ⊥ . Suppose that R1 and R2 satisfy R j := R ∩ 〈ei | i ∈ I j〉 ( j ∈ {1,2}) for some setsI j ⊆ {1, . . . , l} and that S is a Sylow d-torus of (G1, FG1 ), where G1 := 〈Xα | α ∈ R1〉. Then maximal
extensibility holds with respect to CGF (S)NGF (S).
Proof. The given groups also satisfy the structural properties needed in the proofs. 
8. Proof of the McKay conjecture for G
In this section we prove the McKay conjecture for the group G and nearly all primes , which
differ from the deﬁning characteristic of G . Using Theorem 1.1 Malle proved in [8] that there exists a
bijection between Irr′(G) and Irr′ (N), where G = GF for a simply connected quasi-simple group G
of Lie-type over Fq , F : G→ G a Frobenius endomorphism and d the order of q in (Z/(Z))∗ and N is
the Sylow d-Levi subgroup of (G, F ).
We use the statements in [13], which were applied to prove Theorem 1.2 under the condition that
the integer d determined by G and  is a regular number of (G, F ). Similar to the procedure there we
prove the result by observing that IN (χ)/L (χ ∈ Irr(L)) satisﬁes the McKay conjecture for the prime ,
where L is a Sylow d-Levi subgroup of (G, F ) and N the associated Sylow d-normaliser.
The McKay conjecture has already been proven in the case, where G is an exceptional group of Lie
type or the Steinberg’s triality group in [12]. Hence we exclude these cases and restrict ourselves on
the remaining families of groups.
Assumption 8.1. Let G be a simply connected quasi-simple linear algebraic group over Fq and
F : G → G a Frobenius endomorphism deﬁning an Fq-structure on G. Assume that the root system
of G is of classical type and GF is not the Steinberg’s triality group. Let  > 3 and d be the order of q
in (Z/(Z))∗ .
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conjecture, as well.
Lemma 8.2. Let   3, d be the order of q in (Z/(Z))∗ . Let L be a Sylow d-Levi subgroup of (G, F ), N the
associated Sylow d-normaliser and χ ∈ Irr(L). Then IN (χ)/L satisﬁes the McKay equation for .
Proof. This has been proven in Lemmas 5.2, 5.4, 6.6 and 7.7. 
Later we will need that NG(P )L satisﬁes the McKay conjecture for . For this purpose we prove
that L is -solvable.
Lemma 8.3. Assume  3. Let d be the order of q in (Z/(Z))∗ , P a Sylow -subgroup of F , L a Sylow d-Levi
subgroup of (G, F ) and N the associated Sylow d-normaliser such that NG(P ) N. Then NG(P )L is -solvable.
Proof. If   |G2|, the groups L/L0 ∼= Z  Z(G2) and G2 are ′-groups. Hence P ∩ T1 is a Sylow -
subgroup of L. The group T1 is the direct product of P ∩ T1 and an ′-group T ′ . Hence L is -solvable
and hence NG(P )L is, as well.
It remains to prove   |G2|. Assume ﬁrst  | |G2|. This implies that there exists an integer d′ such
that  | Φd′ (q) and Φd′ divides the order |G2| of the generic group associated to G2. By [8, Lemma 5.2]
such an integer d′ can be written as di for some i.
One may exclude d′ = d: by Lemma 2.2 the Sylow d-torus of (G2,nFG2 ) is trivial. This implies
Φd  |G2| and d′ = d. In order to exclude the other possibilities of d′ we study similarly the generic
order of G2 in Theorems 9.4.1 and 10.3.2 of [3]. For all possible root systems there exists no integer
d′ with d | d′ and Φd′ | |G2|. This implies   |G2|. 
The above enables us to use the result in [10], by which the McKay conjecture holds for every
-solvable group.
Proof of Theorem 1.2. According to Theorem 7.8 of [8] there exists a Sylow d-normaliser N of (G, F )
with NG(P ) N and a bijection between Irr′ (G) and Irr′ (N). This gives |Irr′ (G)| = |Irr′(N)|.
As in the proof of [13, Lemma 12.1] the Clifford correspondence, the theorem of Gallagher [6, 6.17]
and Theorem 1.1 imply |Irr′ (N)| = |Irr′ (NG(P )L)|.
Now according to Lemma 8.3 the group NG(P )L is -solvable and by [10] such groups satisfy the
McKay conjecture. This gives us |Irr′ (G)| = |Irr′ (N)| = |Irr′ (NG(P ))|. 
The assumption  > 3 of Theorem 1.2 is basically only relevant to apply Theorem 7.8 of [8]. With
additional assumptions the result also holds for  = 3.
Remark 8.4. Let G be a simply connected quasi-simple algebraic group with a classical root system
deﬁned over the ﬁnite ﬁeld Fq with q elements via the Frobenius endomorphism F : G→ G and  = 3.
Assume 3  q and that none of the following cases hold:
• G has a root system of type A2, F is a standard Frobenius endomorphism and q ≡ 4,7 (mod 9),
• G has a root system of type A2, F is a Frobenius endomorphism induced from a graph automor-
phism and q ≡ 2,5 (mod 9).
Then the equation |Irr′(G)| = |Irr′ (NG(P ))| holds with G := GF , where P is a Sylow -subgroup of G .
Proof. The proof of Theorem 1.1 can be transferred to this situation, whenever Theorem 7.8 of [8]
holds. 
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